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DIFFERENTIAL WORMS AND GENERALIZED MANIFOLDS
PAVOL EVERA
Abstrat. We study dierential forms and their higher-order generalizations by interpreting
them as funtions on map spaes. We get a series of approximations of generalized manifolds
(i.e. of sheaves and staks) somewhat akin to Taylor series.
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1. Multidifferential algebras on manifolds
We shall make some omputations with natural multidierential algebras that generalize the
algebra of dierential forms on a manifold. The elements of these algebras will be alled dierential
worms. In this setion we just want to see how to ompute in loal oordinates and what is the
behaviour under oordinate hanges and pullbaks.
Let us start with an open subset U of Rn (sine we are going to ompute in loal oordinates).
For any k ∈ N we shall onstrut a k-fold dierential graded-ommutative algebra Ω[k](U) (i.e. a
k-fold omplex with a ompatible algebra struture), generalizing dierential forms on U ; Ω[1](U)
will be just Ω(U).
The algebra Ω[k](U) of dierential worms of level k will have the following properties: its zero-
degree subalgebra will be C∞(U) and for every funtion f ∈ C∞(U) and every dierential da
among the k dierentials d1, . . . , dk on Ω[k](U), we will have
(1) daf =
∂f
∂xi
dax
i.
Out of it we easily ompute
(2) dadbf =
∂f
∂xi
dadbx
i +
∂2f
∂xi∂xj
dax
i dbx
j ,
partially supported by the Swiss National Siene Foundation.
1
DIFFERENTIAL WORMS AND GENERALIZED MANIFOLDS 2
dadbdcf =
∂f
∂xi
dadbdcx
i +
∂2f
∂xi∂xj
(
dax
i dbdcx
j + dbx
i dcdax
j + dcx
i dadbx
j
)
+
+
∂3f
∂xi∂xj∂xk
dax
idbx
jdcx
k
(3)
and so on.
The algebra Ω[k](U) is dened as the graded-ommutative algebra freely generated by the
algebra C∞(U) and by elements da1da2 . . . dapx
i
, 1 ≤ a1 < a2 < · · · < ap ≤ k, 1 ≤ i ≤ n.
We dened Ω[k](U) using oordinates, but it is easy to see what happens when we pass to a
dierent system of oordinates x˜i. First of all, the relation (1) is valid in any oordinates, sine
∂f
∂x˜j
dax˜
j =
∂f
∂x˜j
∂x˜j
∂xi
dax
i =
∂f
∂xi
dax
i = daf.
Hene also the relations (2), (3) et. hold in any oordinates. Now we an pass between any two
systems of oordinates  we just set the f on the LHS of (1), (2), (3) et. to be oordinates from
one system and the x's on the RHS to be oordinates from the other system. Sine we an pass
between systems of oordinates, we an also dene Ω[k](M) on any manifold (it is easy to see
that this denition is onsistent). Moreover, for any smooth map M → N we have a pullbak
Ω[k](N) → Ω[k](M), again given in oordinates by (1), (2), (3) et. We should notie that the
algebra Ω[k](M) belongs to higher-orded geometry if k ≥ 2, sine the transition formulas ontain
up to k'th derivatives.
The denition we just presented was very low-brow. One ould give a more natural (oordinate-
free) denition, using a universal property satised by Ω[k](M). We shall, however, wait until
Setion 3, where Ω[k](M)'s will get a geometrial explanation, together with a muh riher struture
than that of a k-fold dierential algebra.
2. Late informal introdution
It is well known that one an see dierential forms as funtions on a supermanifold and de
Rham dierential as a vetor eld on the supermanifold. It is however less well known that the
supermanifold and the vetor eld have a very simple geometrial explanation. Namely, dierential
forms on M are funtions on the supermanifold Hom(R0|1,M) of all maps R0|1 →M (here R0|1
denotes the odd line), while both the dierential and the degrees of dierential forms, i.e. the
struture of a omplex on Ω(M), ome from the ation of Diff (R0|1) on Hom(R0|1,M). We found
this geometrial explanation in [Kon℄.
It is then straightforward to see Ω[k](M) as funtions onHom(R
0|k,M). This gives us an ation
of Diff (R0|k) on Ω[k](M), whih is (for k ≥ 2) a stronger struture than just a k-fold omplex.
We thus get not just a geometri meaning of dierential worms, but also some new interesting
properties. This point of view of worms also suggests the next developpement, as follows.
Besides dierential forms there are other interesting dierential graded-ommutative algebras
(DGCAs). For example, if g is a Lie algebra, on the Grassmann algebra
∧
g
∗
there is the Chevalley-
Eileinberg dierential that makes it to a DGCA. As we'll see, these other DGCAs an also be seen
as dierential forms on some generalized manifolds. By dierential forms we mean funtions
on the spae of maps from R0|1 to the generalized manifold. The generalized manifolds we have
in mind are ontravariant funtors from the ategory of (super)manifolds. If F is suh a fun-
tor, the idea is to see F (M) as the spae of all maps M → F , and thus dierential forms
on F are funtions on F (R0|1). This way we an onstrut Ω[k](F ) for any k, and moreover,
approximate F using Ω[k](F ) and the ation of Diff (R
0|k) on Ω[k](M) (the approximation is
appkF (M) = {Diff (R
0|k)-equivariant algebra morphisms Ω[k](F ) → Ω[k](M)}). We thus get a
sequene of approximations of F , akin to Taylor series.
As a simple example, let G be a Lie group, and let us dene F (M) = Hom(M,G)/G. In this
ase Ω(F ) is the Chevalley-Eilenberg DGCA
∧
g
∗
. The approximation app1F is given by
app1F (M) = {DGCA maps
∧
g
∗ → Ω(M)} = {at onnetions on M}.
All higher approximations of F are in this ase equal to app1F .
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This paper is inspired, besides the fat that dierential forms are funtions on Hom(R0|1,M),
by Sullivan's Rational homotopy theory [Sull℄, where one interprets general (reasonable) DGCAs as
if they were dierential forms on manifolds. In partiular, one onsiders DGCA maps A→ Ω(M)
as maps fromM to some generalized spae (out from this one an e.g. onstrut a simpliial set by
taking M 's to be simplies of all dimensions, and then get the homotopy type of the generalized
spae as the geometri realization). We are interested in the inverse operation  getting a DGCA
Ω(F ) out of a generalized spae F , and also getting the algebras Ω[k](F ) that approximate F
better than Ω(F ) does.
Most of the ideas of this paper appeared in the unpublished work [KS℄; here we attempt to
state them in a formally orret way. Dierential worms were introdued independently (and with
a saner name) by Vinogradov and Vitagliano [VV℄, from a dierent point of view.
3. Differential forms and differential worms as funtions on map spaes
The basi hero of this paper is the supermanifold Hom(R0|k, X) of all maps R0|k → X , where
X is any (super)manifold. It is dened, up to unique isomorphisms, by the following property:
for any supermanifold Y , a map Y → Hom(R0|k, X) is the same as a map Y × R0|k → X .
It is easy to see thatHom(R0|k, X) exists for any k and X , and moreover, is naturally (i.e. fun-
torially in X) isomorphi with something well-known:
Proposition 1. For any supermanifold X, Hom(R0|1, X) is naturally isomorphi to ΠTX, and
thus (using indution) Hom(R0|k, X) is naturally isomorphi to (ΠT )kX.
Here ΠTX is the odd tangent bundle of X . Reall that dierential forms on X are funtions
on ΠTX .1 The proof of the proposition is straightforward: let θ be the oordinate on R0|1 and xi
be loal oordinates on X , so that xi, dxi are loal oordinates on ΠTX . If R0|1 → X is a map
parametrized by some Y (that is, a map R0|1×Y → X), expanding to Taylor series in θ it is of the
form xi(θ) = xi(0)+ ξiθ; identifying xi(0) with xi and ξi with dxi we get the (loal) isomorphism
between Hom(R0|1, X) and ΠTX . This identiation is independent of the hoie of oordinates
xi, sine using other oordinates x˜i we have
x˜(x(θ)) = x˜(x(0) + ξθ) = x˜(x(0)) +
∂x˜
∂x
ξθ,
i.e. ξ˜ = ∂x˜∂xξ, just as dx˜ =
∂x˜
∂xdx.
The isomorphism of Hom(R0|1, X) with ΠTX is ertainly not surprising: the relation θ2 = 0
basially says that maps R0|1 → X are 1-jets of urves in X , i.e. tangent vetors in X . It gives
us, however, an interesting explanation of the deRham dierential (whih, being a derivation
on Ω(X), is a vetor eld on ΠTX). Namely, on Hom(R0|1, X) we have a right ation of the
supersemigroup Hom(R0|1,R0|1), and this ation gives us the struture of a omplex on Ω(X) (a
left ation of Hom(R0|1,R0|1) on a vetor spae V is the same as a struture of a non-negatively
graded omplex on V ).
Let us ompute the ation ofHom(R0|1,R0|1) expliitly. Given a transformation θ 7→ θ′ = aθ+β
of R0|1, we have
xi(θ′) = xi(aθ + β) =
(
xi(0) + ξiβ
)
+ aξiθ,
i.e.
xi 7→ xi + dxi β, dxi 7→ a dxi.
If we take innitesimal generators of Hom(R0|1,R0|1), ∂/∂θ and θ∂/∂θ, we get the following:
Proposition 2. The vetor elds ∂/∂θ and θ ∂/∂θ on R0|1 at on ΠTM as
dxi
∂
∂xi
and dxi
∂
∂(dxi)
,
i.e. as the de Rham dierential and the degree.
1
more preisely, funtions that are polynomial on the bres of ΠTX; general funtions on ΠTX are alled
pseudodierential forms on X. If X is a manifold then every pseudodierential form is atually a dierential form.
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Now we an make an obvious generalization, by passing from R0|1 to R0|k. On Hom(R0|k, X)
we have a right ation of Hom(R0|k,R0|k). In partiular, the vetor elds ∂/∂θa on R0|k (where
θas, 1 ≤ a ≤ k, are oordinates on R0|k) give rise to k odd vetor elds da on Hom(R
0|k, X),
satisfying dadb + dbda = 0, i.e. to k antiommuting dierentials. In loal oordinates x
i
on X , a
map R0|k → X is given by funtions xi(θ) on R0|k (we suppress the inessential dependene on Y ),
and we have
xi(θ) = exp(θada)x
i(0).
We denote xi(0) simply by xi (a slight abuse of notation: xi's were funtions on X and now they
beome funtions on Hom(R0|k, X)). As an example, for k = 2 we get
xi(θ1, θ2) = xi + θ1d1x
i + θ2d2x
i + θ2θ1d1d2x
i.
Now we see that
da1da2 . . . dapx
i (1 ≤ a1 < a2 < · · · < ap ≤ k, 0 ≤ p ≤ k)
are oordinates on Hom(R0|k, X) and we an identify Ω[k](X) with funtions on Hom(R
0|k, X).2
Hom(R0|k,R0|k) ats on Hom(R0|k, X) from the right, and therefore on Ω[k](X) from the left.
This gives Ω[k](X) a stronger struture than that of a k-dierential algebra. For example when
k = 2, vetor elds on R0|2 have basis
∂
∂θa
, θb
∂
∂θa
, θ1θ2
∂
∂θa
,
whih generates on Hom(R0|2, X) the vetor elds
da = dax
i ∂
∂xi
+ ǫab d1d2x
i ∂
∂(dbxi)
Eba = dax
i ∂
∂(dbxi)
+ δba d1d2x
i ∂
∂(d1d2xi)
Ra = ǫab dbx
i ∂
∂(d1d2xi)
,
out of whih only d1, d2 (dierentials) and E
1
1 , E
2
2 (degrees) take part in the biomplex struture.
For further properties of worms see Appendix, and also the last example in Setion 9 that
ontains a deomposition of Ω[2](X) to indeomposable representations of Hom(R
0|2,R0|2). Some
other properties an be found in [KS℄.
4. Reminder on presheaves (generalized objets)
The basi referene for this setion is [SGA IV℄, exposé I. Let C be a ategory. A presheaf on C is
a funtor Co → Set; the ategory of presheaves3 on C (with natural transformations as morphisms)
is denoted Cˆ. Presheaves an be reasonably viewed as generalized objets of C, with F (X) (F ∈ Cˆ,
X ∈ C) interpreted as the set of morphisms X → F . Namely, any objet Y ∈ C gives us a presheaf
Y ∈ Cˆ via Y (X) = HomC(X,Y ). For any X ∈ C and F ∈ Cˆ then HomCˆ(X,F )
∼= F (X). This
way C is identied with a full subategory of Cˆ (whih is the exuse for denoting X ∈ C and the
orresponding presheaf X ∈ Cˆ by the same letter).
A presheaf isomorphi to some X ∈ C is said to be representable. For example, if U , V are
objets of C, the presheaf U ×V is dened as U ×V (X) = U(X)×V (X); if it is representable, the
orresponding objet of C (dened up to a unique isomorphism) is alled the artesian produt of
U and V , and denoted (somewhat abusively) U × V as well. Similarly, the presheaf Hom(U, V )
is dened by Hom(U, V )(X) = Hom(U ×X,V ). If it is representable, the orresponding objet
of C is alled the internal Hom from U to V , and is still denoted Hom(U, V ).
2
more preisely, Ω[k](X) onsists of the funtions that are polynomial in the dierentials of x
i
's; more invariantly,
they are the funtions that are in nite-dimensional Hom(R0|k ,R0|k)-invariant subspaes of C∞(Hom(R0|k , X))
3
we make the usual hyper-orret assumption of working in some universe of sets to avoid set-of-all-sets-like
problems
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Proposition 1 says that in the ategory of supermanifolds, Hom(R0|k, X) is representable for
any k andX . It will be quite onventient to speak ofHom(Y,X) even when it is not representable;
we just have to keep in mind that it is no longer a supermanifold, just a presheaf.
5. Differential forms and presheaves on families of supermanifolds
Let us denote by SM the ategory of nite-dimensional C∞-supermanifolds.
Reall from Setion 2 that we want to dene dierential forms on a generalized (super)manifold
F as the algebra of funtions on F (R0|1). For this to make sense, F (R0|1) should be itself a super-
manifold, and thus F should be a funtor SMo → SM rather than SMo → Set. To get interesting
examples we would have to admit some innite-dimensional supermanifolds to SM. We prefer not
to do it, and rather use ŜM as a formal replaement of innite-dimensional supermanifolds, i.e. to
onsider funtors SM
o → ŜM (whih is the same as presheaves on SM× SM). We need these on-
travariant funtors to be funtorial in this strong sense: for any two supermanifolds X , Y we need
a morphism Hom(X,Y )×F (Y )→ F (X), and these morphisms are required to be oherent under
the omposition of Hom's. Suh a funtor is the same as a presheaf on the following ategory,
whih has the same objets as SM × SM, but more morphisms.
Denition 1. The ategory PSM (of produt families of supermanifolds) has pairs of superman-
ifolds as objets, and morphisms (X1, B1)→ (X2, B2) are ommutative squares
X1 ×B1 → X2 ×B2
↓ ↓
B1 → B2
where the vertial arrows are the anonial projetions.
It means that a morphism (X1, B1) → (X2, B2) is the same as a map B1 → B2 and a map
X1 × B1 → X2, or in other words, Hom((X1, B1), (X2, B2)) ∼= (B2 ×Hom(X1, X2))(B1). This
observation gives a morphism Hom(X,Y ) × F (Y, ·) → F (X, ·) in ŜM for any X,Y ∈ SM and
F ∈ P̂SM, in partiular, a right ation of Hom(R0|1,R0|1) on F (R0|1, ·).
Denition 2. If F ∈ P̂SM and F (R0|1, ·) ∈ ŜM is representable, dierential forms on F are
funtions on (the supermanifold representing) F (R0|1, ·). Similarly, level-n dierential worms are
dened by substituting R0|1 with R0|n.
In partiular, if F is represented by (X, {point}) then F (R0|1, ·) is represented by the super-
manifold Hom(R0|1, X) = ΠTX , so that dierential forms on F are the same as dierential forms
on X .
Presheaves on PSM are a reasonable denition for the generalized manifolds of Setion 2; they
will be the basi objet of our study.
Remark. Presheaves on the ategory PSM might look a bit exoti. However, natural presheaves
on the ategory of manifolds usually admit a natural extension to PSM. Consider e.g. the presheaf
of dierential k-forms. Firstly, dierential forms make sense on supermanifolds, so we have a
presheaf on SM. Seondly, if X and B are supermanifolds, we an onsider families of dierential
k-forms on X smoothly parametrized by B; this way we get a presheaf on PSM. Roughly speaking,
smooth families of something on X , parametrized by B, are the presheaves on PSM that we are
interested in.
6. Reminder on presheaves (ontinued)
Here we shall reall the relation between presheaves on a ategory and on its full subategory: if
C ⊂ D is a full subategory then we an see Cˆ as a full subategory of Dˆ, we have a projetion app :
Dˆ→ Dˆ onto Cˆ and a natural transformation id
Dˆ
→ app. It will be the basis for approximations of
generalized manifolds using their worms (hene the notation app for the funtor), as outlined
in Setion 2.
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Let rst C, D be any ategories and u : C → D any funtor. It indues a funtor u∗ : Dˆ → Cˆ
via u∗(F ) = F ◦ u. The funtor u∗ admits a right adjoint u∗ : Cˆ → Dˆ, that an be dened via
u∗(F )(Z) = HomCˆ(u
∗(Z), F ) for F ∈ Cˆ and Z ∈ D. If now C is a full subategory4 of D and u
is the inlusion (the only situation we shall meet; in that ase u∗ is simply the restrition) then
u∗ ◦ u∗ is (isomorphi to) idCˆ and onsequently u∗ is fully faithful. We an thus use u∗ to identify
Cˆ with a full subategory of Dˆ, and u∗ gives us a projetion Dˆ→ Cˆ; the above mentioned funtor
app : Dˆ→ Dˆ will be dened as u∗ ◦ u
∗
and the morphism id
Dˆ
→ app omes from the fat that u∗
and u∗ form an adjoint pair.
We nish with a simple ondition that fores u∗ (and thus u∗) to be an equivalene of ategories.
Lemma 1. Suppose that u : C → D is a fully faithful funtor, and that any objet Y ∈ D is a
retrat of some objet X ∈ C, i.e. that there are morphisms Y → u(X)→ Y that ompose to idY .
Then u∗, and onsequently u∗, is an equivalene of ategories.
7. Approximations of presheaves
Denition 3. For n ∈ N, the ategory PSMn is the full subategory of PSM with objets (R
0|n, B),
B ∈ SM .
We have Hom
(
(R0|n, B1), (R
0|n, B2)
)
≃ Hom(B1, B2) × Hom(R
0|n,R0|n)(B1), so we get the
following lemma:
Lemma 2. An objet of P̂SMn an be equivalently desribed as an objet of ŜM with a right ation
of Hom(R0|n,R0|n); a morphism of P̂SMn orresponds to an equivariant morphism of ŜM.
This lemma means that if F ∈ P̂SM then taking F (R0|n, ·) ∈ ŜM together with the right ation
of Hom(R0|n,R0|n) is equivalent to restriting F from PSM to PSMn. In other words, if F (R
0|n, ·)
happens to be representable, the algebra of level-n worms on F together with the (left) ation
of Hom(R0|n,R0|n) is equivalent to the restrition of F to PSMn. In partiular, the dierential
graded algebra of dierential forms on F is equivalent to the restrition of F to PSM1.
Next we shall see that restrition to PSMk an be restored from restrition to PSMl whenever
k ≤ l. To this end we dene some auxiliary ategories:
Denition 4. The ategory PSM≤n is the full subategory of PSM with objets (X,B) suh that
X = R0|m with m ≤ n.
These ategories form a hain PSM≤0 ⊂ PSM≤1 ⊂ PSM≤2 ⊂ · · · ⊂ PSM. Moreover the
inlusion PSMn ⊂ PSM≤n satises the assumption of Lemma 1, i.e.
Lemma 3. Let u : PSMn → PSM≤n be the inlusion. Then u
∗
is an equivalene of ategories.
This means that there is no dierene between restrition of a presheaf from PSM to PSM≤n
or to PSMn; PSMns are nie beause of Lemma 2, while PSM≤ns are nie beause they form an
inreasing hain.
Denition 5. Let un : PSM≤n → PSM be the inlusion. The n-th approximation is the funtor
appn = un∗ ◦ u
∗
n : P̂SM → P̂SM. The approximating morphism is the morphism idP̂SM → appn
oming from the fat that un∗ and u
∗
n form an adjoint pair of funtors. A presheaf F ∈ P̂SM is of
order n if F → appn(F ) is an isomorphism (it is then of orderm for everym ≥ n), or equivalently,
if it is of the form un∗(G) for some G ∈ P̂SM≤n.
The ategory of presheaves of order n is thus equivalent to P̂SM≤n (or P̂SMn); in partiular,
for n = 0 it is equivalent to ŜM. The hain PSM≤0 ⊂ PSM≤1 ⊂ PSM≤2 ⊂ · · · ⊂ PSM gives us a
hain
app0 ← app1 ← app2 ← · · · ← appn ← · · ·
that together with the approximating morphisms id
P̂SM
→ appk form a ommutative diagram.
4
There is, of ourse, no real dierene between a fully faithful funtor and a full subategory. Sometimes we
shall even ommit the rime of alling a ategory C to be a full subategory of D when all we have is a fully faithful
funtor C→ D, provided the funtor is lear from the ontext (C is then just equivalent to a full subategory of D).
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8. Representability of presheaves
To get dierential worms on an F (see Denition 2) we need F (R0|n, ·) to be representable, so
let us study this ase.
Denition 6. The objets of the ategory SM[n] are supermanifolds with right ation of the
super-semigroup Hom(R0|n,R0|n), and morphisms are equivariant maps.
By Lemma 2 this ategory is a full subategory of P̂SMn, and thus of P̂SM. The objets of
SM[1] are also alled dierential non-negatively graded supermanifolds.
The following denition says that F admits level-n worms and that it is ompletely determined
by these worms.
Denition 7. A presheaf F on PSM is n-representable if it is of order n and if F (R0|n, ·) is
representable.
0-representable presheaves are those represented by objets of PSM of the form (X, {point})
(where X is the supermanifold representing F ({point}, ·)), i.e. their ategory is equivalent to SM.
Similarly, we have the following obvious laim for arbitrary n:
Proposition 3. The ategory of n-representable presheaves on PSM is equivalent to SM[n], where
Z ∈ SM[n] orresponding to an n-representable F is the supermanifold representing F (R
0|n, ·), and
F orresponding to Z is given by
F (X,B) = the set of Hom(R0|n,R0|n)-equivariant maps Hom(R0|n, X)×B → Z.
In partiular the objet Z ∈ SM[n] orresponding to (X,B) is Hom(R
0|n, X)×B.
It follows from denition that if F ∈ P̂SM is of order n then it is of order m for any m ≥ n.
We shall make a onjeture that same is valid for n-representability, i.e. that the ategories of n-
representable funtors form an inreasing hain. If the onjeture is valid, by the previous theorem
we have a hain of fully faithful funtors
SM = SM[0] → SM[1] → SM[2] → · · ·
Conjeture. Let F be an n-representable presheaf on PSM. Then
1. F is m-representable for every m ≥ n
2. appm(F ) is m-representable for every m.
Remark. 1. follows from 2. sine F ∼= appm(F ) for m ≥ n. We thus have to prove that if Z is
an objet of SM[n] (in our ase Z is the supermanifold representing F (R
0|n, ·)) then the following
presheaf H ∈ ŜM is representable:
H(X) = the set of Hom(R0|n,R0|n)-equivariant maps Hom(R0|n,R0|m)×X → Z.
This is easy to see if m ≤ n, but we were not able to prove (or disprove) it when m > n. (The
onjeture is, of ourse, true for all the examples we shall onsider.)
We understood P̂SM and all its subategories suh as P̂SMn and SM[n] as ategories of gener-
alized supermanifolds. Here is the ondition for a generalized manifold:
Denition 8. A presheaf F ∈ P̂SM is even if it is stable under the parity involution, i.e. if for
every (X,B) ∈ PSM, F sends the parity involution (X,B)→ (X,B) (whih is the parity involution
applied to both X and B) to the identity on F (X,B).
If F is represented by some (Y,C) ∈ PSM, this ondition means that both Y and C are
manifolds. The ondition translates to SM[n] in the following way: the parity involution of R
0|n
(an element of Hom(R0|n,R0|n)) should at on a Z ∈ SM[n] by the parity involution of Z. In
partiular, for n = 1 it means that if f is a funtion on Z of degree d, its parity is the parity of d.
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9. Examples of differential forms/worms on presheaves and of approximations
The presheaves F ∈ P̂SM in this setion will be of the form F (X,B) = smooth families of
something on X , parametrized by B. It's an experimental fat (but not a theorem) that suh
presheaves admit worms of any level (i.e. F (R0|n, ·) is representable for every n, or in other words,
appn(F ) is n-representable for every n).
Example. As the most trivial example, let us take the presheaf represented by an objet (X,B).
This presheaf is n-representable for any n ≥ 1, the orresponding objet in SM[n] isHom(R
0|n, X)×
B, hene the level-n worms on the presheaf are level-n worms on X smoothly parametrized by B.
The presheaf is 0-representable only if B is a point (whih is, however, the most interesting ase).
Example. Let G be a Lie group (or supergroup). Let F (X,B) = Hom(X × B,G)/Hom(B,G)
(where both Hom(X×B,G) and Hom(B,G) inherit the group struture from G). Then F (R0|1, ·)
is represented by Πg = Hom(R0|1, G)/G. Dierential forms on F , i.e. the dierential graded
algebra of funtions on Πg, is the Chevalley-Eilenberg omplex of g. We have app1(F )(X,B) =
smooth families of at g-onnetions on X parametrized by B; app1(F ) is thus the sheaation
of F . All higher approximations of F are isomorphi to app1(F ).
Example. As a generalization of the previous example, letG be a Lie groupoid (or supergroupoid).
From X,B ∈ SM we form a groupoid GX,B with objets X×B and morphisms X×X×B (i.e. the
pair groupoid of X times the trivial groupoid of B). We dene
F (X,B) = {Lie groupoid morphisms GX,B → G}
(in other words, families of Lie groupoid morphisms from the pair groupoid of X smoothly
parametrized by B). Then F (R0|1, ·) is represented by ΠA, where A is the Lie algebroid of
G. The algebra of dierential forms on F is thus Γ(
∧
A), the Chevalley-Eilenberg omplex of A.
The rst approximation of F is given by
app1(F )(X,B) = {Lie algebroid morphisms TX ×B → G},
i.e. it is the sheaation of F . Higher approximations of F are again isomorphi to app1(F ).
Example. This is an extremely simple example, but it might be enlightening. Let F be given by
F (X,B) = {families of losed k-forms on X smootly parametrized by B}.
Then F (R0|1, ·) is represented by the (1-dimensional) vetor superspae of losed k-forms on R0|1,
i.e. by R[k]. This F is 1-representable.
Example. This is an example of a presheaf on whih a group ats. Let G be a Lie group, g its
Lie algebra, and let F be given by
F (X,B) = {families of g-onnetions on X smoothly parametrized by B}.
On this F ats the group (represented by) G, namely on F (X,B) ats the group Hom(X ×B,G)
by gauge transformations. The presheaf F is 1-representable, the algebra of dierential forms on
F is the Weil algebra W (g). Moreover, the ation of Hom(R0|1, G) on dierential forms gives the
standard G-dierential struture on W (g).
If now M is a manifold (or supermanifold) with G-ation, the algebra of dierential forms on
F ×M is W (g)⊗Ω(M), and the algebra of Hom(R0|1, G)-invariant dierential forms is the basi
subomplex (whose ohomology is the equivariant ohomology of M if G is ompat).
Example. Let us x a supermanifold Y and let F be given by F (X,B) = Hom(X ×X × B, Y )
(or in other words, families of smooth maps X × X → Y smoothly parametrized by B). Then
F (R0|n, ·) is represented by Hom(R0|n × R0|n, Y ), and
appn(F )(X,B) = {smooth families of setions of j
k(X,Y ) parametrized by B},
where jk(X,Y ) → X is the bundle of k-jets of maps X → Y . If for example Y = R, the
dierential forms on F form the free graded ommutative algebra generated by x, ξ, τ, t with
deg x = 0, deg ξ = deg τ = 1, deg t = 2, with dierential given by dx = ξ, dτ = t.
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Example. Given m ∈ N we shall onsider the presheaf given by
F (X,B) = {smooth families of setions of (T ∗)⊗mX , parametrized by B},
and similar presheaves given by natural subbundles of (T ∗)⊗mX (it is onvenient to deompose
(T ∗)⊗mX with respet to the ation of the symmetri group Sm).
Let λ be a Young diagram with m squares, e.g.
for m = 10, and let W(λ) be the orresponding irreduible representation of Sm. If V is a vetor
spae, let
Vλ = HomSm(W(λ), V
⊗m),
where Sm ats on V
⊗m
by permutations of fators (reall that Vλ is an irreduible representation of
GL(V )). This way we get a funtor from the ategory of vetor spaes to itself, given by V 7→ Vλ,
and thus a presheaf
Fλ(X,B) = {smooth families of setions of T
∗
λX , parametrized by B}.
For any λ and any n the funtor Fλ(R
0|n, ·) is represented by the vetor superspae Γ(T ∗λR
0|n).
Let c be the number of olumns of λ. The presheaf Fλ is n-representable for n > c, while
appn(Fλ)(X,B) = {0} for n < c. For n = c we have
appc(Fλ)(X,B) = {smooth families of setions of T˜
∗
λX , parametrized by B},
where T˜ ∗λX is a natural bundle over X ontaining T
∗
λX .
If c = 1 (the ase of dierential forms) then T˜ ∗λX = T
∗
λX ; the same is true when λ has only one
row (the ase of symmetri tensors). When c = 2 we have the following result: T˜ ∗λX has a natural
inreasing ltration
T ∗λX = A1 ⊂ A2 ⊂ · · · ⊂ T˜
∗
λX,
suh that eah Ai+1/Ai is isomorphi to some T
∗
µX . The rule for obtaining these µ's from λ should
be lear from this piture:
In words, we keep removing squares from the two olumn and adding them to the rst row, till
the seond olumn ontains only one square.
This result enables us to deompose Ω[2](M) to indeomposable representation of the super-
semigroupHom(R0|2,R0|2). The irreduible (left) representations of Hom(R0|2,R0|2) are duals of
Γ(T ∗λR
0|2) for 2-olumn λ's (these are alled generi irreduibles), and duals of the spaes of losed
k-forms on R0|2, k ∈ N (non-generi irreduibles). The representation theory ofHom(R0|2,R0|2) is
quite simple: generi irreduibles never appear in the omposition series of reduible indeompos-
able representations, and the only reduible indeomposable yli representations are duals to the
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spaes of dierential k-forms on R0|2, k ∈ N. It gives the following deomposition of polynomial
funtions on Hom(R0|2,R0|2):
Ω[2](R
0|2) ∼=
(⊕
λ
Γ(T ∗λR
0|2)∗ ⊗ Γ(T ∗λR
0|2)
)
⊕
⊕
k Ω
k(R0|2)∗ ⊗ Ωk(R0|2)
d(
⊕
k Ω
k(R0|2)∗ ⊗ Ωk−1(R0|2))
(where the sum is over all 2-olumn λ's) and thus for any supermanifold X
Ω[2](X) ∼=
(⊕
λ
Γ(T ∗λR
0|2)∗ ⊗ Γ(T˜ ∗λX)
)
⊕
⊕
k Ω
k(R0|2)∗ ⊗ Ωk(X)
d(
⊕
k Ω
k(R0|2)∗ ⊗ Ωk−1(X))
.
Unfortunately, the representation theory of Hom(R0|n,R0|n) is wild for n ≥ 3 [Shom℄, and we
do not know how to deompose the spae of polynomial funtions on this semigroup. We also
do not know the omposition series of T˜ ∗λ for general λ with more than 2 olumns. Just as an
example, here is the omposition series for a rather simple λ with 3 olumns:
10. The ase of sheaves
Most of the examples of presheaves we onsidered were atually sheaves, and all their approx-
imations were sheaves. Let us be more spei about what we mean. Let (X,B) and (Xi, Bi)
(where i runs through some index set I) be objets of PSM. Then (Xi, Bi) is a overing of (X,B)
if eah Xi is an open subset of X , eah Bi is an open subset of B and
⋃
(Xi × Bi) = X × B.
A presheaf on PSM is a sheaf if for any (X,B) and any overing of (X,B) it satises the usual
onditions for sheaves.
Sheaves on PSM an be extended to a larger ategory where they look more natural:
Denition 9. The ategory FSM is the ategory of foliated supermanifolds, i.e. its objets are
foliated supermanifolds and morphisms are smooth maps that map leaves into leaves.
Any objet (X,B) ∈ PSM gives a foliated supermanifold X×B, with leaves given by projetion
X × B → B. This way PSM beomes a full subategory of FSM. Any sheaf on PSM is naturally
extended to a presheaf on FSM that is atually a sheaf w.r.t. the étale topology.
As an important example, all n-representable presheaves (for any n) are sheaves. All approxi-
mations of sheaves are sheaves as well.
11. Open ends
This onluding setion ontains some suggestions for further development.
11.1. Staks, their dierential forms/worms and approximations. Very informally speak-
ing, the basi idea of this paper is to approximate things dened on all (super)manifolds by
evaluating them on the simplest supermanifolds of the form R0|k; we suppose these things to
be ontravariant, thus getting dierential forms/worms into the play. There are of ourse many
dierent formalizations of this vague idea.
As an example, here we shall briey present a slight generalization of what we did so far,
basially by passing from ontravariant funtors to the ategory of sets to ontravariant funtors
to the ategory of ategories. More preisely, we shall deal with staks (sheaves with values in
ategories) over the ategory SM or FSM (we always use the étale topology, where by denition
a overing is a surjetive loally-dieomorphi map). We do it just to show some interesting
examples. For denitions see [Gir, SGA I℄, though they are not neessary to understand our
simple examples.
If G is a Lie group, we have the stak of all prinipal G-bundles (morphisms in this stak
are G-equivariant maps between the bundles). More generally, if G is a Lie supergroup with a
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right ation of Hom(R0|k,R0|k) (i.e. G is a group objet in the ategory SM[k]) then for any
(super)manifold X we an onsider prinipal G-bundles
P
↓
Hom(R0|k, X)
with a ompatible ation of Hom(R0|k,R0|k) on P (ompatibility means that the maps G× P →
P and P → Hom(R0|k, X) are Hom(R0|k,R0|k)-equivariant). We again get a stak over SM
(morphisms are now maps that are both G and Hom(R0|k,R0|k) equivariant). We an extend this
stak to FSM by using the same formulas, when R0|k is understood as a foliated supermanifold
with just one leaf.
Instead of a Lie group G we an also take any Lie ategory C and onsider prinipal C-bundles.
If C ∈ SM[n] (the rightHom(R
0|k,R0|k)-ation on C is supposed to be opatible with the ategory
struture of C), we an again onsider prinipal C-bundles overHom(R0|k, X)'s with a ompatible
right Hom(R0|k,R0|k)-ation, and get a stak over FSM this way.
Yet more generally, the ation of Hom(R0|k,R0|k) on C may be weak (i.e. up to oherent
natural transformations of C); preisely and invariantly it means that we have a bred Lie ategory
Cˆ → Hom(R0|k,R0|k) (where the semigroup Hom(R0|k,R0|k) is understood as a ategory with
only one objet) whose bre is C. We an then onsider prinipal C-bundles P → Hom(R0|k, X)
with a ompatible ation of Cˆ on P . Staks of this form will be alled weakly k-representable.
Contrary to k-representable (pre)sheaves, the bred ategory Cˆ is not uniquely determined by
the orresponding stak on FSM. However, given a morphism between two staks represented by
Cˆ1 and Cˆ2 respetively, we have a Lie ategory bred over (1 → 2) × Hom(R
0|k,R0|k) (where
(1→ 2) is the ategory with objets 0 and 1, with a unique morphism 1→ 2) that oinides with
Cˆ1 and Cˆ2 over 1 and 2 respetively. If the morphism is an equivalene, we get a Lie ategory
bred over (1 ↔ 2) ×Hom(R0|k,R0|k); the ategory Cˆ is dened by the orresponding stak up
to suh equivalenes.
We an dene approximations of staks on FSM just as we did for presheaves: given a stak S→
FSM we an restrit it to PSMk; the restrition has a right adjoint (see [Gir℄). The omposition of
the restrition with the indution will be alled again k-th approximation. Weakly k-representable
staks are of ourse equivalent to their k-th (and higher) approximations.
Let us nally present some examples. They are all weakly 1-representable.
Example. (Categoried de Rham omplex) Let R[k] = Zk(R0|1) ⊂ Ωk(R0|1) denote the
1-dimensional group of losed k-forms on R0|1. If X is any supermanifold, it is easy to see
that equivariant prinipal R[k]-bundles P → Hom(R0|1, X) are lassied by k + 1-th de Rham
ohomology group of X , while automorphisms of P are anonially isomorphi to losed k-forms
on X (see [S1℄). These bundles are nothing but Zk(X)-torsors. (If X ∈ FSM we need to take
leafwise forms and their ohomology.)
On the other hand, equivariant Ωk(R0|1)-prinipal bundles P → Hom(R0|1, X) are the same
as Ωk(X)-torsors, i.e. ane bundles over X whose assoiated vetor bundle is
∧k
T ∗X . They are
all isomorphi.
The exat sequene
0→ R[k]→ Ωk(R0|1)→ R[k + 1]→ 0
says that a redution of a Ωk(R0|1)-bundle P → Hom(R0|1, X) (i.e. of a Ωk(X)-torsor) to a R[k]-
bundle (to a Zk(X)-torsor) is the same as a trivialization of the R[k + 1]-bundle X/R[k].
Example. (Pontryagin lass) Let G be a Lie group and 〈, 〉 be an invariant symmetri bilinear
form on the Lie algebra g. There is a entral extension T˜ [1]g of the one T [1]g = g⊕ g[1] of g by
R[2], given by
[u, v] = 〈u, v〉 ∈ R[2], u, v ∈ g[1].
This extention of dierential graded Lie algebras an then be integrated to a entral extension
T˜ [1]G of T [1]G by R[2].
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Sine on both T˜ [1]g and T˜ [1]G we have a right ation of Hom(R0|1,R0|1), they give us 1-
representable sheaves on FSM: for any foliated supermanifold X , T˜ [1]g gives a entral extension
of the Lie algebra of all smooth maps X → g by losed leafwise 2-forms on X , while T˜ [1]G gives a
entral extension of the group of all smooth maps X → G, again by losed leafwise 2-forms on X .
The stak weakly 1-represented by T˜ [1]G is the stak of torsors of the above-mentioned sheaf
of group. If P → X is a prinipal G-bundle, it an be lifted to a torsor of the entral extension i
its 〈, 〉-Pontryagin lass vanishes, i.e. if the leafwise 4-form 〈Ω ∧ Ω〉 (where Ω is the urvature of a
leafwise onnetion on P ) is exat.
Example. (Weil and Cartan models of equivariant ohomology) Let G be a Lie group.
Let us onsider the stak whose objets are prinipal G-bundles with onnetion (if we mean a
stak over FSM, the onnetion should be just along the leaves of the foliation) and morphisms are
G-equivariant maps preserving the onnetion. This stak is weakly 1-representable. It is easy to
nd a Lie supergoupoid Γ with a right ation of Hom(R0|1,R0|1) representing this stak: over R0|1
any G-bundle is trivial, so we an take the ane spae Ω1(R0|1)⊗g of onnetions on this bundle,
the gauge group Hom(R0|1, G) ating on this spae, and nally put Γ to be the orresponding
ation groupoid.
We an nd a smaller groupoid Γ′ equivalent to Γ: any g-onnetion on R0|1 an be made to
vanish at the origin by a gauge transformation, i.e. is gauge-equivalent to a onnetion of the form
a θdθ, a ∈ g. The groupoid Γ′ will be the full subgroupoid of Γ whose objets are onnetions of
this form. Γ′ is nothing but the ation groupoid of G on g (with the adjoint ation). The ation
of Hom(R0|1,R0|1) doesn't desend from Γ to Γ′ however; we only have a bred Lie ategory
Γˆ′ → Hom(R0|1,R0|1) with bre Γ.
Let nowM be a manifold with a G-ation. Let us onsider the stak of prinipal G bundles with
a onnetion (as above) and with a G-equivariant map toM . This stak is weakly 1-represented by
the ation groupoid of Hom(R0|1, G) ating on Ω1(R0|1)⊗g×Hom(R0|1,M), or by the equivalent
ation groupoid of G on g×Hom(R0|1,M). When we take the invariant funtions on the bases of
these groupoids, we get Weil and Cartan model of G-equivariant ohomology of M respetively.
The fat that in Cartan model d2 = 0 only on equivariant forms (i.e. on invariant funtions on
g×Hom(R0|1,M)) omes from the fat that on Γ′ we do not have a Hom(R0|1,R0|1)-ation, just
the bred ategory Γˆ′ → Hom(R0|1,R0|1).
Example. (Quasi-Poisson groupoids) An interesting example of Lie ategories bred over
Hom(R0|1,R0|1), and thus of weakly 1-representable staks, omes from Lie quasi-bialgebras and
more generally from Lie quasi-bialgebroids. As at the end of the previous example, we will not have
an ation of Hom(R0|1,R0|1) on a Lie ategory, just a Lie ategory bred over Hom(R0|1,R0|1).
More preisely, we shall use the isomorphismHom(R0|1,R0|1) = (R,×)⋉R[−1] (a general element
ofHom(R0|1,R0|1) is of the form θ 7→ aθ+β; (R,×) orresponds to θ 7→ aθ and R[−1] to θ 7→ θ+β);
we shall desribe Lie groupoids bred over R[−1], with a right ation of (R,×) (in other words,
we shall have graded Lie groupoids, with dierentials up to homotopy).
As notied in [S2℄, a Lie quasi-bialgebra struture on a vetor spae g an be desribed as a
graded prinipal R[2]-bundle X → g∗[1], with an R[2]-invariant odd Poisson struture π of degree
−1 on X . Similarly, if A → M is a vetor bundle, a Lie quasi-bialgebroid struture on A is a
prinipal R[2]-bundle X → A∗[1], again with an odd Poisson struture as above. (In perhaps
more familiar algebrai terms, we add a variable t of degree 2 to the graded-ommutative algebra
Γ(
∧
A∗) and want a Gerstenhaber braket on the result, suh that all [α, β], [α, t] and [t, t] are
in Γ(
∧
A∗) for any α, β ∈ Γ(
∧
A∗).) If the odd Poisson struture on X is integrable to an odd
sympleti groupoid Γˆ, the R[2]-ation onX lifts to a Hamiltonian ation on Γˆ, with a Hamiltonian
Γˆ → R[−1] that is a morphism of groupoids and makes Γˆ to a groupoid bred over R[−1], as we
wanted.
11.2. Dierenes vs. dierentials. In this paper we exploited the fat that Hom(R0|k, X) is
representable. Besides R0|k's there are other (super)manifolds sharing this property, namely nite
sets (of ourse, for them it is ompletely trivial). We ould thus rewrite the paper: in plae of
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R0|k we would use a m-element set, in plae of Hom(R0|k,R0|k) we would use the semigroup Σm
of all maps of the m-element set to itself et.
In the Examples Setion 9 some of the examples are indued from nite sets. Let us onsider
the seond one given by a Lie group G (where we an take m = 3). When we restrit that funtor
to the ategory Σ of nite sets we get a funtor Σo → SM (for any nite set S we take its pair
groupoid S×S ⇒ S and then the manifold of all the funtors from this groupoid toG). The funtor
Σo → SM is roughly speaking the enhaned nerve of G (the ordinary nerve is a ontravariant
funtor from the ategory of ordered nite sets ∆; in Σ we have more morphisms than in ∆,
i.e. a funtor from Σ is a stronger struture than a funtor from ∆; we get simpliial objets
with inverses). The general proedure of omputing the Lie algebra of a simpliial manifold
with inverses is to start with a funtor Σo → SM, indue it to a presheaf on PSM and then
ompute its dierential forms and possibly also its higher level worms. An interesting question is
when these algebras exist (i.e. when the orresponding presheaves on SM are representable) and
whether/when the k-th approximations of this presheaf stabilize.
Appendix A. Cohomology of worms
The ohomology of Ω[k](X) with respet to d1 (or with respet to any non-zero linear ombina-
tion of da's) is anonially isomorphi to de Rham ohomology of X . Indeed, d1 omes from the
vetor eld ∂/∂θ1 on R
0|1
. On the other hand,
[∂/∂θ1, θ1θ2 ∂/∂θ2] = θ2 ∂/∂θ2,
whih means that the d1-ohomology of the subomplex of Ω[k](X) with non-zero 2nd degree
vanishes (as θ2 ∂/∂θ2 generates the 2nd degree, and the above equation says that it is homotopi
to 0). The same is of ourse true for any degree exept for the rst one. As a result, the embedding
Ω(X) = Ω[1](X)→ Ω[k](X) is a quasiisomorphism.
The ation of Hom(R0|k,R0|k) gives rise also to some other dierentials on Ω[k](X). For
example, the ohomology of the dierential given by θ1θ2 ∂/∂θ2 is isomorphi to Ω[k−1](X): the
above equation again shows that Ω[k](X) is quasiisomorphi to the subomplex with vanishing 2nd
degree (whih an be identied with Ω[k−1](X)), but on the subomplex the dierential vanishes.
Appendix B. Cartan wormulas
Here we shall see how the Cartan formula
[d, iv] = Lv
an be derived from the fat that dierential forms are funtions on a map spae, and how the
formula generalizes to Ω[k]. The formula really omes from the ation of the group Diff (Y ) ⋉
(Diff (X))Y on the spae of maps Y → X (where Y = R0|k for our purposes), or yet better, from
the ation of the orresponding Lie algebra X (Y )⋉ (C∞(Y )⊗X (X)) (here X (X) denotes the Lie
algebra of vetor elds on X).
If u ∈ X (Y ) and f ⊗ v ∈ C∞(Y ) ⊗ X (X), we denote the orresponding vetor elds on
Hom(Y,X) by u♭ and f · v# (1 · v# will be denoted simply v#).5 The following formulas express
the fat that on Hom(Y,X) we have an ation of X (Y )⋉ (C∞(Y )⊗X (X)):
[u♭1, u
♭
2] = [u1, u2]
♭
[u♭, f · v#] = (uf) · v#
[f1 · v
#
1 , f2 · v
#
2 ] = (−1)
|v1||f2|(f1f2) · [v1, v2]
#.
In the ase of Y = R0|1 the equation
[(∂/∂θ)♭, θ · v#] = v#
is Cartan's [d, iv] = Lv (sine (∂/∂θ)
♭ = −d, θ · v# = −iv and v
# = Lv); for Y = R
0|k
, the above
ommutation relations are the promissed generalization of Cartan's formula.
5
one an easily see that the operation f · an be applied to any vetor eld on Hom(Y,X), not just to those of
the form v#; we shall not need this fat here
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Appendix C. Integration of worms
Integration of forms an be reformulated in the following well-known way: For any superman-
ifold X there is a natural volume form µΠTX on ΠTX . If x
i
's are loal oordinates on X then
µΠTX is just the oordinate volume form in the oordinates x
i
's, dxi's on ΠTX . The volume form
is d-invariant, i.e. Ld µΠTX = 0. If α is a (pseudo)dierential form on X , i.e. a funtion on ΠTX ,
then the integral of α is dened as ∫
ΠTX
α µΠTX .
From the d-invariane of µΠTX we get ∫
dα = 0
for any α with ompat support. To get Stokes theorem from here, let χΩ be the harateristi
funtion of a ompat domain Ω; then
0 =
∫
d(χΩα) =
∫
(dχΩ)α+
∫
χΩdα = −
∫
∂Ω
α+
∫
Ω
dα.
For k ≥ 2 we an write (ΠT )kX as ΠT ((ΠT )k−1X) and thus obtain a volume form µ(ΠT )kX on
(ΠT )kX . A simple omputation shows that µ(ΠT )kX is X (R
0|k) invariant (only if k ≥ 2; for k = 1
we had just d-invariane, but not θ ∂/∂θ-invariane). We use this volume form to dene integrals
of worms. For example, if X = R and k = 2, we have∫
e−x
2−(d1d2x)
2
d1x d2x = π.
The X (R0|k)-invariane leads to obvious generalizations of Stokes theorem. Notie that the ele-
ments of Ω[k](M) for k ≥ 2 are never integrable funtions on (ΠT )
kM (being polynomial on the
bres of (ΠT )kM). To get interesting examples we need to use general (non-polynomial) funtions
on (ΠT )kM = Hom(R0|k,M); we shall all them pseudodierential worms.
Here is a simple illustrative result for k = 2:
Proposition 4. Let M be a onneted ompat manifold and β a level-2 pseudodierential worm
on M . If d1β = d2β = 0 and if β is integrable then∫
β =
β|M
2
(−π)m/2Sm χM ,
where m is the dimension of M , β|M is the restrition of β to the zero-setion M ⊂ (ΠT )
2M
(β|M is a onstant beause of d1β = d2β = 0), χM is the Euler harateristis of M and Sm is
the volume of the unit m-dimensional sphere.
Proof. We will rst prove a speial ase. Let g be a Riemann metri on M and let us dene
γ = gij d1x
id2x
j ∈ Ω[2](M); γ is learly independent of the hoie of loal oordinates. We will
prove the theorem for β = ed1d2γ . In Riemann normal oordinates we have at the origin
d1d2γ = −δij d1d2x
id1d2x
j −
1
2
Rijkl d1x
i d1x
j d2x
k d2x
k
where Rijkl are the omponents of the urvature tensor. To ompute the integral we pass to
Riemann normal oordinates at any point ofM and then integrate over d1x
i
's, d2x
i
's and d1d2x
i
's;
we end up with the Pfaan of the urvature whose integral overM is well known to be a multiple
of χM . By omparing with the ase when M is the unit m-dimensional sphere we get our result.
To prove the theorem for a general β we need the following result: if α ∈ C∞((ΠT )2M) grows
at most polynomially in d1d2x
i
's, d1α = d2α = 0 and α|M = 0 then
∫
ed1d2γα = 0. Indeed,
sine α|M = 0, we an nd a κ ∈ C
∞((ΠT )2M) suh that α = Eκ and d1κ = d2κ = 0, where
the vetor eld E = −(θ1∂/∂θ1 + θ2∂/∂θ2)
♭
is the total degree, i.e. E = dax
i ∂/∂(dax
i) +
2 d1d2x
i ∂/∂(d1d2x
i). Sine
θ1∂/∂θ1 + θ2∂/∂θ2 = [∂/∂θ1, θ1θ2 ∂/∂θ1] + [∂/∂θ2, θ2θ1 ∂/∂θ2],
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i.e.
E = [d1, (θ1θ2 ∂/∂θ1)
♭] + [d2, (θ2θ2 ∂/∂θ2)
♭],
we have
α = Eκ = d1(θ1θ2 ∂/∂θ1)
♭κ+ d2(θ2θ2 ∂/∂θ2)
♭κ,
and thus ∫
ed1d2γα =
∫
d1(e
d1d2γ(θ1θ2 ∂/∂θ1)
♭κ) +
∫
d2(e
d1d2γ(θ2θ1 ∂/∂θ2)
♭κ) = 0
(the last equality by the d1,2-invariane of integration).
Finally to prove our theorem, set α = β − β|M , multiply γ by a onstant s > 0 and take the
limit s→ 0+. 
Appendix D. Level-2 worms in Riemannian geometry
This appendix is a very elementary example of how worms may appear in traditional geometry.
At the same time it ontains an expliit alulation of an approximation of a presheaf in a simple
ase, hopefully better explaining the meaning of approximations than the main abstrat text. We
try to be pedagogial here.
Given a Riemann metri g on M we an form a level-2 worm
γ = gij d1x
id2x
j ∈ Ω[2](M)
(γ is learly independent of the hoie of loal oordinates; we used this worm already in the
proof of Proposition 4). Out of γ we an ompute d1γ, d2γ and d1d2γ; the last one ontains
onveniently paked Levi-Civita onnetion and urvature of g. Moreover, as we'll see, the four
worms form a basis of an irreduible representation of Hom(R0|2,R0|2).
An easy omputation gives
(4) d1d2γ = −gij d1d2x
i d1d2x
j + 2Γijk d1d2x
i d1x
jd2x
k + gik,jl d1x
id1x
j d2x
kd2x
l
where Γijk = (gij,k + gik,j − gjk,i)/2 are the Christoel symbols (omponents of the onnetion).
If we look at (4) as a funtion of d1d2x
i
's and evaluate it at its ritial point
d1d2x
i = −Γijk d1x
id2x
j ,
we get
(5) −
1
2
Rijkl d1x
id1x
j d2x
kd2x
l.
Geometrially we did the following: the spae (ΠT )2M = Hom(R0|2,M) is bred over the spae
Π(T ⊕ T )M of 1-jets of maps R0|2 → M (the additional oordinates in (ΠT )2M are preisely
d1d2x
i
's); the ritial points of d1d2γ on the bres of (ΠT )
2M → Π(T ⊕ T )M give us a setion
Π(T ⊕ T )M → (ΠT )2M ; we use it to pull bak d1d2γ and get a funtion on Π(T ⊕ T )M , i.e. a
setion of
∧
(T ⊕ T )M , (5).
Let us now look at the ation of Hom(R0|2,R0|2) on the worms γ, d1γ, d2γ and d1d2γ. The
innitesimal generators of the ation were omputed at the end of Setion 3. We see diretly
that Raγ = 0 and E
a
b γ = δ
a
b γ. As a result, γ, d1γ, d2γ, d1d2γ is the basis of a representation
of Hom(R0|2,R0|2), or better, they are omponents of an equivariant map Hom(R0|2,M) → V ,
where V is ertain irreduible 4-dimensional representation of Hom(R0|2,R0|2). Geometrially, V
is the spae of setions Γ(S2T ∗R0|2). Moreover, if γ˜ ∈ Ω[2](M) is any worm satisfying Raγ˜ = 0
and Eab γ˜ = δ
a
b γ˜ then γ˜ = g˜ij d1x
id2x
j
for some tensor eld g˜ ∈ Γ(S2T ∗M) (indeed: the ondition
Eab γ˜ = δ
a
b γ˜ means that γ˜ = g˜ij d1x
id2x
j + hi d1d2x
i
and Raγ˜ = 0 gives hi = 0). In other words,
an equivariant map Hom(R0|2,M)→ V is the same as a setion of S2T ∗M .
Let us see what really happens. Let g be a setion of S2T ∗M . Given any map φ : N → M
we get a setion φ∗g of S2T ∗N . If we take N = R0|2, for any map R0|2 → M we get an element
of the vetor spae V = Γ(S2T ∗R0|2), i.e. we have a map from Hom(R0|2,M) (the spae of all
maps R0|2 → M) to V . Our map Hom(R0|2,M) → V is learly equivariant. Any tensor eld
g ∈ S2T ∗M thus yields naturally an equivariant map Hom(R0|2,M) → V , and as we notied
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above, this orrespondene is a bijetion. In other words, the sheaf of setions of S2T ∗M is 2-
representable (more information on approximations of ovariant tensor elds is in the last example
in Setion 9).
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